In this paper the dynamic portfolio selection problem is studied for the first time in a dual utility theory framework. The Wang transform is used as distortion function and well diversified optimal portfolios result both with and without short sales allowed.
INTRODUCTION
In this paper a new approach for solving the dynamic portfolio selection problem, also known as the Merton (1969) problem, is introduced. This approach is based on the dual expected utility (DEU) theory which is a particular class of non-expected utility theory presented in Yaari (1987) . Unlike the classical expected utility (EU) theory by von Neumann and Morgenstern (1944) the DEU theory overcomes some paradoxes such as Allais (1953) and Ellsberg (1961) , as shown in Quiggin (1993) .
In the DEU framework ''attitudes toward risks are characterized by a distortion applied to probability distribution functions, in contrast to expected utility in which attitudes toward risks are characterized by a utility function of wealth'' (Wang-Young (1998) ).
As far as the authors know in financial and economic literature there is not any work concerned with the application of the DEU theory to dynamic selection of an asset portfolio. This may be due to the fact that in Yaari (1987) it is shown that DEU theory leads to not diversified portfolios when the decision maker has only two assets available, one risky and one not. However in HadarKun Seo (1995) it is shown that in the presence of many risky assets DEU theory is consistent with optimal well diversified portfolios. This justifies a DEU approach to the solution of the Merton (1969) problem which in this paper is considered with and without trading strategy constraints. However, in a very recent article Hamada et al. (2006) set out a general layout for portfolio optimization in a discrete time setting, consistent with the DEU theory.
In this paper an application is also proposed where the Wang transform is chosen as the distortion function. In particular it is shown that the unconstrained optimization problem admits solutions only under adequate hypotheses. Conversely it is shown that the constrained problem, i.e. without short-selling allowed, always admits a solution in the feasible region.
The remainder of the paper is structured as follows. In section 2 outlines of the EU and DEU theories are given. In section 3 the financial model which is used in section 4 to study the dynamic portfolio selection problem with DEU theory is described. In section 5 the Wang transform is applied to a portfolio selection problem with one risk-free and several risky assets available. In the final section the conclusions are drawn.
EU THEORY VS DEU THEORY
Today the EU theory by von Neumann and Morgenstern (1944) is still the most popular approach to problems of decision making under uncertainty, however since the sixties several authors have empirically shown that actual decisions are not always consistent with all EU theory axioms.
If with x is denoted the opportunity set and with capital letters the opportunities which can be degenerate or not degenerate random variables, the EU theory axioms are:
Axioms A.1, A.2, A.3 always hold while the independence axiom, as also shown in Allais (1953) and Ellsberg (1961) , is violated. In order to avoid this problem several alternative utility theories, called non-expected utility theories, have been presented in the literature. The DEU theory is a non-expected utility theory whose axioms are A.1, A.2, A.3 and Under axioms A.1, A.2, A.3 and A.4 * in Yaari (1987) In Wang-Young (1998) it is shown how the function g affects the probability distribution functions of the random variables considered.
The analytical form of g embeds the degree of aversion towards risk of the decision maker. In particular in Quiggin (1993) it is shown that a concave and increasing function g characterizes a risk-averse decision maker and the resulting ordering is consistent with the first and second order stochastic dominance principles.
If the dual expected utility of the random variable X is denoted with
the following properties hold 2 :
3. FINANCIAL MARKET MODEL
The Assets
A financial market where n risky assets and a risk-free asset are traded is considered. At time s ! [t,T ] the market prices of risky assets and that of the risk-free asset are respectively {P i (s), i = 1, ..., n} and P 0 (s). The risk source is represented through a standard Wiener process W = (W 1 , ..., W n ) * in ‫ޒ‬ n , with W i not correlated with W j for i ! j, which affects the evolution of risky asset prices by the following stochastic differential equations:
where m i (s) is the instantaneous return rate of the i-th risky asset and {s ij (s), s ! [t,T ]} is the volatility matrix. The deterministic evolution of the risk-free asset is:
where r(s) is the instantaneous risk-free rate and P 0 (0) = 1. In the remainder of the paper it is obviously assumed that
As it is usually done, it is also assumed that, 6s ! [t, T ]:
H.1) the processes r(s), m(s) = (m 1 (s), ..., m n (s)) * and the matrix s(s) = {s ij (s)} are adapted to the filtration
The Portfolio
At time t a price-taker agent I with an initial wealth X(t) = x > 0 is considered. At every time s ! [t,T] the agent I selects the quantity of each risky asset (F 1 (s), ..., F n (s)) * and the quantity of the risk-free asset
Hence the trading strategy of I is represented by the process (F 0 (s),...,F n (s)) * which is assumed to be adapted to the current information F s and such that
.., n a.s. In order to have a self-financing trading strategy the following relation must hold:
Under these hypotheses the wealth of the agent I at time s is:
and the portfolio process is:
The resulting wealth evolution can be expressed through the following relation
with X(t) = x and m i = m i -r.
In the remainder of the paper the solution of equation (1) relative to the portfolio process p and initial condition X(t) = x is denoted with X s t, x, p , s ! [t, T ] and the associated conditional probability function of the final wealth
DYNAMIC PORTFOLIO SELECTION BY DEU THEORY
The unconstrained dynamic portfolio selection problem by DEU theory can be expressed as an optimal stochastic control problem whose control variables are identified by the vector p(s) = (p 1 (s), ..., p n (s)) * and the functional to be optimized is
The optimal control is determined through the optimization of the functional W p (t,x) or, equivalently, by determining the function v (t, x) such that
where K is the feasible set, the stochastic evolution of X T t, x, p is given by equation (1) and v(T,x) = x.
If, as in Karatzas-Kou (1996) , it is assumed that
the following proposition is valid:
Proof. Let x and xЈ be two different values of the initial wealth, and let l=xЈ/x. The relation (3) can be rewritten as 
which holds if and only if the ratio W p (t,x)/x is independent of x :
Taking the supremum of the last equation gives
From Proposition 4.1., it can be inferred that, unlike the EU case, the Bellman equation is not useful to express p as a function of the ratio since the denominator is null. Therefore the solution of the problem must be determined by solving a non-standard Bellman equation for every given distortion function g (·) . The optimal strategy is found by maximizing the resulting functional W p (t,x) with respect to the variations in p.
If short sales are not allowed the following bounds need to be added to the optimization problem:
However regardless of the presence of these bounds the existence and uniqueness of the solution strongly depend on the functional form of the transformation g(·) chosen.
DEU THEORY AND THE WANG TRANSFORM
In Wang (2000) and Wang (2002) a general framework for pricing financial and insurance risks is introduced. The methodology consists of using a particular class of distortion functions on the cumulative distribution function of the risky asset (or liability) future value. The resulting cumulative distribution function is ''risk-adjusted'' in the sense that its mean value discounted at the risk-free rate is equal to the current asset (liability) fair price. This approach is therefore consistent with the risk-neutral valuation framework commonly used in option theory. Denoting with F X (x) the probability distribution function of the random variable X the Wang transform is:
where F is the normal cumulative distribution function
From equation (4) it is clear that the Wang transform is a horizontal translation of the probability distribution function. The effect of such translation is an overweighting of the left tail and an underweighting of the right one that overall leave the class of the distribution unchanged if the distribution F X (x) is normal. In the remainder of this section it is assumed that equation (4) is the distortion function and that the stochastic evolution of the asset prices follows a geometric brownian motion with constant coefficients. The latter assumption is useful both for ease of computation and to overcome some peculiarities of the Wang transform.
The portfolio stochastic evolution is represented by equation (1) with constant coefficients:
Therefore at time T the wealth level X T t, x, p is a lognormally distributed variable and lnX T t, x, p has a normal distribution with mean:
where D = s * s, and variance:
Since the conditional distribution function F Hence the transformed probability distribution function is
Thus the Wang transform of the conditional distribution final expected wealth is 
where
Thus the optimal trading strategy at time t is found by solving the problem
The Unconstrained Case
If short sales are allowed 4 K = ‫ޒ‬ n and the necessary conditions for solving the problem (7) (7) is
The strategy p = 0 is also an optimum since f ( 
the optimal Wang distorted expectation E g [X T t,x,p ] is also the expectation under the unique risk-neutral measure ‫ޑ‬ 5 :
where the measure ‫ޑ‬ is generated by the Wiener process W 0 (s) given by
and the corresponding portfolio evolution in a risk-neutral world is
Introducing the market price of risk vector q
it can be argued that the solution of problem (7) in the unconstrained case exists if and only if b ≥ mqm.
The Constrained Case
If short sales are not allowed, in order to find the optimal strategy, the following constrained optimization problem must be solved:
FIGURE 1.
where K is the n-dimensional simplex : , , ..., .
In this case the problem can be solved by the Kuhn-Tucker equation which in general does not admit analytical solutions.
If there are only two risky assets and a risk-free asset, the optimization problems (14-15) can be solved explicitly. In this case the feasible set K is shown in figure 1 .
On the frontier of the triangle K there are the following suprema 
If the inner region of K is denoted with K , the problem is similar to the unconstrained case analyzed in the previous subsection: 
In the last two cases sup p !K f (p) = 0 and repeating the same argument of equations (9-13) it can be argued that from the point of view of an agent with b ≥ mqm, taking the supremum value of the final wealth over the Wang-distorted probability function is equivalent to taking the expected value of the final wealth in a risk-neutral world. The result obtained in this subsection as well as the analysis of the unconstrained market case, allows to interpret the Wang parameter b as a subjective estimate of the market price of risk: if b is sufficiently small, 0 < b < mqm, the agent is ''optimist'' and invests all his wealth in the risky asset (in P 2 if 0 < b < b c ) because his market price of risk perception b is less than the actual one; when his estimate b is equal to the actual market price of risk he invests indifferently in the risk-free asset or in an equivalent basket of risky assets. Finally, if b > mqm, the agent is ''pessimist'': his market price of risk estimate is too high than the actual one: in this case the agent invests his wealth in the risk-free asset only.
A Comparison Between DEU and EU Solution
In the classical EU theory the solution of the dynamic portfolio selection problem is determined by maximizing the expected terminal wealth utility E [U(X T t,x,p )] with respect to variations in p, where U : ‫ޒ‬ + " ‫ޒ‬ is usually a strictly increasing, strictly concave and twice differentiable utility function representing the preferences of a risk-averse agent.
If the optimization problem is unconstrained, a solution can be found by dynamic programming techniques which for given utility functions lead to closed form solutions. If the problem is constrained, convex analysis and duality theory can be applied; however, relatively simple explicit solutions are only available in very special cases 6 . The unconstrained problem is therefore more suitable for a direct comparison between the DEU solution using Wang transform and the EU theoretical solution.
In order to do such a comparison the agent utility function must be specified. If a logarithmic utility function U(X ) = lnX or a power utility function U(X) = X g , g ! (0,1), is considered, the EU closed form solution for the unconstrained problem are respectively (24) and (25), it follows that if respectively c = 1 or c = g 1 1 -, the optimal DEU solution using the Wang transform is equal to the optimal EU solution. Since the logarithmic utility function and the power utility function form the constant relative risk-aversion (CRRA) utility function class, it can be inferred that the DEU solution of the unconstrained problem using the Wang transform is a generalization of the EU solution when the agent has a CRRA utility function.
FINAL REMARKS
In this paper the dynamic portfolio selection problem has been studied for the first time in a DEU framework. Furthermore closed form solutions to the problem both with and without short-selling allowed have been provided by using the Wang transform as distortion function. It has been shown that the Wang transform can be used as an effective tool in this framework and that the resulting optimal portfolios vary according to the relation between the market price of risk and the Wang parameter. In particular if the Wang parameter is greater than or equal to the market price of risk the optimal portfolios expected return equals the risk-free rate. Finally it has been shown that the DEU solution of the unconstrained problem using the Wang transform can be considered a generalization of the EU solution when the agent has a CRRA utility function. This paper can be considered a first step toward the application of the DEU theory to the asset pricing problem in incomplete markets and toward a new definition of the concept of ''fair price''.
